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ON THE DIRAC SERIES OF U(p, q)
CHAO-PING DONG AND KAYUE DANIEL WONG
Abstract. This paper computes the Dirac index of all the weakly fair Aq(λ) modules of
U(p, q). We find counter-examples to a conjecture of Vogan on the unitary dual of U(p, q),
which was phrased by Trapa in 2001. However, we still believe that any irreducible unitary
representation of U(p, q) with non-zero Dirac cohomology must be a weakly fair Aq(λ)
module. In general, for an arbitrary unitary Aq(λ) module of an equal rank group, we
clarify the link between the possible cancellations in its Dirac index, and the parities of its
spin-lowest K-types.
1. Introduction
Let G be a connected linear Lie group with Cartan involution θ. Assume that K := Gθ
is a maximal compact subgroup of G. Let T be a maximal torus of K. Let g0 = Lie(G),
k0 = Lie(K), and t0 = Lie(T ). Let
g0 = k0 ⊕ p0
be the Cartan decomposition on the Lie algebra level. Let a0 be the centralizer of t0 in p0,
and put A = exp(a0). Then H = TA is the unique θ-stable Cartan subgroup of G which is
maximally compact. On the Lie algebra level,
h0 := t0 ⊕ a0
is called the fundamental Cartan subalgebra of g0. Put tR = it0, t
∗
R
= it∗0 and
h∗R = it
∗
0 ⊕ a
∗
0.
As usual, we drop the subscripts to stand for the complexified Lie algebras. That is, g means
g0⊗RC and so on. We fix a non-degenerate invariant symmetric bilinear form B on g. Then
k and p are orthogonal to each other under B.
Fix an orthonormal basis {Z1, . . . , Zn} of p0 with respect to the inner product on p0
induced by B. Let U(g) be the universal enveloping algebra, and let C(p) be the Clifford
algebra. As introduced by Parthasarathy [21], the Dirac operator is defined as
(1) D :=
n∑
i=1
Zi ⊗ Zi ∈ U(g)⊗ C(p).
It is easy to check that D does not depend on the choice of the orthonormal basis {Zi}
n
i=1.
Writing out D2 carefully will lead one to Parthasarathy’s Dirac operator inequality [22],
which is very effective in non-unitarity test. See (8).
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Let SpinG be a spin module for the Clifford algebra C(p). For any (g,K)-module π, the
Dirac operator D acts on π⊗ SpinG, and the Dirac cohomology defined by Vogan [28] is the
following K˜-module:
(2) HD(π) := KerD/(KerD ∩ ImD).
Here K˜ is the spin double cover of K. That is,
K˜ := {(k, s) ∈ K × Spin(p0) | Ad(k) = p(s)},
where Ad : K → SO(p0) is the adjoint map, and p : Spin(p0) → SO(p0) is the universal
covering map. Fix a positive root system ∆+(k, t), and denote the half sum of roots in
∆+(k, t) by ρc. We will use Eµ to denote the k-type (that is, an irreducible representation
of k) with highest weight µ. Abuse the notation a bit, Eµ will also stand for the K-type as
well as the K˜-type with highest weight µ. Fix a positive root system ∆+(g, t) containing
∆+(k, t), and denote the half sum of roots in ∆+(g, t) by ρ.
One original motivation of introducing Dirac cohomology is that this new invariant should
sharpen Parthasarathy’s Dirac operator inequality, and thus help us to understand the uni-
tary dual Ĝ—the set of equivalence classes of irreducible unitary (g,K)-modules. This turned
out to be the case. Indeed, the following Vogan conjecture proved by Huang and Pandzˇic´
[13] says that Dirac cohomology, whenever non-zero, refines the infinitesimal character of π.
Moreover, if one specializes π to be unitary, then it is not hard to extend Parthasarathy’s
Dirac operator inequality, see Theorem 3.5.2 of [14].
Theorem 1.1. (Huang-Pandzˇic´ [13]) Let π be any irreducible (g,K)-module with infin-
itesimal character Λ ∈ h∗. Assume that HD(π) is non-zero, and that Eγ is contained in
HD(X). Then Λ is conjugate to γ + ρc by some element in the Weyl group W (g, h).
Many interesting representations such as the discrete series, and some Aq(λ)-modules
[12] (see Section 3) turned out to have non-zero Dirac cohomology. Let us collect all the
members of Ĝ with non-zero Dirac cohomology as Ĝd, and call them the Dirac series of G as
coined by Huang. This paper aims to study the Dirac series of U(p, q). The recent research
announcement [4] suggests that the study here may be helpful for the theory of automorphic
forms. One foundational tool for us is Theorem 1.1, the other one is Trapa’s 2001 paper [26]
which suggests that weakly fair Aq(λ)-modules (see (16)) should play a very important role
in the unitary dual of U(p, q). In particular, the following inspiring conjecture was stated
there.
Conjecture 1.2. (Vogan’s Conjecture on Û(p, q)) The weakly fair Aq(λ) modules ex-
haust the irreducible unitary (g,K)-modules for U(p, q) whose infinitesimal character is a
weight translate of ρ.
Take any irreducible unitary Aq(λ) module π of U(p, q), we obtain the necessary conditions
(28) for HD(π) to be non-zero in Lemma 5.2 via Theorem 1.1. When π is further assumed
to be weakly fair, our main result Theorem 5.11 says that (28) plus with (30) are actually
sufficient. More precisely, Theorem 5.11 computes the Dirac index (see Section 4) of all
weakly fair Aq(λ) modules of U(p, q). It says that the Dirac index never vanishes whenever
(28) and (30) are both satisfied. Hence the Dirac cohomology never vanishes in such cases as
well. Earlier, Barbasch and Pandzˇic´ have studied the Dirac cohomology of some unipotent
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representations of U(p, q) in [3]. Theorem 5.3 there now fits nicely into the current setting
as the special case described in Example 5.12.
In view of Lemma 5.2, there would be no gap from Theorem 5.11 to the complete clas-
sification of Û(p, q)
d
if Conjecture 1.2 holds. Unfortunately, we find counter examples to
Conjecture 1.2 on U(p, p). See Section 6. Fortunately, these representations have zero Dirac
cohomology. Thus they are not members of Û(p, q)
d
, and will not bother us. Moreover,
using the algorithm in [7] and the software atlas [1, 30], we have carried out calculations
on small rank groups up to U(5, 5): there is no gap on each group. Thus we would like to
make the following.
Conjecture 1.3. Any Dirac series of U(p, q) must be a weakly fair Aq(λ) module satisfying
(28) of Lemma 5.2.
The paper is organized as follows: Section 2 recalls the spin module and the unitarily
small convex hull. Section 3 recalls cohomologically induced modules, in particular, Aq(λ)
modules in various ranges. Dirac index will be visited in Section 4. We study Dirac indices of
weakly fair Aq(λ) modules of U(p, q) in Section 5. We investigate Conjecture 1.2 in Section
6. Finally, we reveal the relation between the possible cancellations in HD(X), and the
parities of the spin-lowest K-types of X, where X is a unitary Aq(λ) module of an equal
rank group. See Theorem 7.5.
2. Spin module and the u-small convex hull
We assume that G is simple for convenience, and adopt the notations from the introduc-
tion. In this section, we will collect materials pertaining to the spin module and the unitarily
small convex hull, which are key ingredients in the study of Dirac cohomology and Dirac
index.
Fix a positive root system ∆+(k, t). Choose a positive root system ∆+(g, t) which contains
∆+(k, t). Denote the half sum of roots in ∆+(g, t) (resp., ∆+(k, t)) by ρ (resp., ρc). Put
(3) ρn = ρ− ρc.
Let Cg(t
∗
R
) (resp., Ck(t
∗
R
)) be the dominant Weyl chamber corresponding to ∆+(g, t) (resp.,
∆+(k, t)). Put
(4) W (g, t)1 := {w ∈W (g, t) | wCg(t
∗
R) ⊆ Ck(t
∗
R)}.
Then the multiplication map is a bijection from W (k, t) ×W (g, t)1 onto W (g, t). Put
s =
#W (g, t)
#W (k, t)
.
Let us enumerate the set W (g, t)1 as
(5) {w(0) = e, w(1), . . . , w(s−1)}.
Then w(j)∆+(g, t), 0 ≤ j ≤ s − 1, are exactly all the positive root systems of ∆(g, t)
containing ∆+(k, t). Denote by ρ(j) the half sum of roots in w(j)∆+(g, t), and put
(6) ρ(j)n = ρ
(j) − ρc.
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Note that ρ(0) = ρ and ρ
(0)
n = ρn.
Let us recall [29, Lemma 9.3.2].
Lemma 2.1. Let Eµ be the k-type with highest weight µ. Then
SpinG
∼=
s−1⊕
j=0
2[l0/2]E
ρ
(j)
n
,
where l0 = dimC a and mEµ stands for a direct sum of m copies of Eµ.
In [6], the spin norm of the k-type µ is defined as
(7) ‖µ‖spin := min
0≤j≤s−1
‖{µ − ρ(j)n }+ ρc‖.
Here the norm ‖·‖ is induced by the restriction of B to tR, and {µ−ρ
(j)
n } denotes the unique
weight in the dominant Weyl chamber Ck(t
∗
R
) which is conjugate to µ−ρ
(j)
n under the action
of the Weyl group W (k, t). Parthasarathy’s Dirac operator inequality can be encapsulated
as follows: for any irreducible unitary (g,K)-module π with infinitesimal character Λ, we
have that
(8) min
Eµ
‖µ‖spin ≥ ‖Λ‖,
where Eµ runs over all theK-types in π. Then Theorem 3.5.2 of [14] extends Parthasarathy’s
Dirac operator inequality in the sense that equality in (8) holds if and only if HD(π) is non-
zero.
In the current setting, the convex hull generated by the points {2wρn | w ∈ W (g, t)} is
the unitarily small polyhedron introduced by Salamanca-Riba and Vogan [25]. Its vertices
within Ck(t
∗
R
) are exactly 2ρ
(j)
n , 0 ≤ j ≤ s−1. The k-type Eµ is called unitarily small (u-small
for short) if its highest weight µ lives in the unitarily small polyhedron. Many equivalent
characterizations of u-small k-types are given in Theorem 6.7 of [25].
Let ξ1, . . . , ξrank(g0) be the fundamental weights for a positive root system ∆
+(g, h) which
restricts to ∆+(g, t). Note that the Weyl group W (g, t) can be identified as the subgroup
Wθ of W (g, h) consists of elements commuting with θ. See for instance Section 2 of [12].
Motivated by Conjecture B of [7], the following result generalizes Lemma 3.4 of [10].
Lemma 2.2. Let Λ =
∑rank(g0)
i=1 λiξi be such that 0 ≤ λi ≤ 1 for each 1 ≤ i ≤ rank(g0).
Assume that Λ ∈ t∗. Let Vδ be a K-type such that {δ−ρ
(j)
n }+ρc = wΛ, for some 0 ≤ j ≤ s−1
and some w ∈W (g, t)1. Then Vδ must be u-small.
Proof. By assumption, there exists w1 ∈W (k, t) such that
δ = ρ(j)n + w1(wΛ− ρc).
Now for any 0 ≤ j′ ≤ s− 1, we have that
δ − 2ρ(j
′)
n = w1(wΛ− ρc) + (w
(j)ρ− ρc)− 2(w
(j′)ρ− ρc)
= w1(wΛ− ρc) + ρc + w
(j)ρ− 2w(j
′)ρ
= wΛ−
(
(wΛ − ρc)− w1(wΛ − ρc)
)
+ w(j)ρ− 2w(j
′)ρ.
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Therefore,
(9) 〈δ−2ρ(j
′)
n , w
(j′)ξi〉 = 〈wΛ+w
(j)ρ,w(j
′)ξi〉−〈(wΛ−ρc)−w1(wΛ−ρc), w
(j′)ξi〉−2〈ρ, ξi〉.
By Lemma 5.5 of [8], ξi−w
−1w(j
′)ξi is a non-negative linear combination of roots in ∆
+(g, h).
Thus
〈Λ, ξi − w
−1w(j
′)ξi〉 ≥ 0.
Therefore,
〈wΛ, w(j
′)ξi〉 = 〈Λ, w
−1w(j
′)ξi〉 = 〈Λ, ξi〉 − 〈Λ, ξi − w
−1w(j
′)ξi〉 ≤ 〈Λ, ξi〉 ≤ 〈ρ, ξi〉.
Similarly, one deduces that
〈w(j)ρ,w(j
′)ξi〉 ≤ 〈ρ, ξi〉
and that
〈(wΛ− ρc)− w1(wΛ− ρc), w
(j′)ξi〉 ≥ 0.
Substituting the above inequalities into (9) gives that 〈δ − 2ρ
(j′)
n , w(j
′)〉 ≤ 0. Therefore, the
K-type Vδ is u-small by Theorem 6.7(e). 
3. Cohomolgical induction
This section aims to briefly recall cohomological induction, which is an effective way of
constructing unitary representations. Firstly, let us fix an element H ∈ tR, and define the
θ-stable parabolic subalgebra
(10) q = l⊕ u
as the nonnegative eigenspaces of ad(H). The Levi subalgebra l of q is the zero eigenspace of
ad(H), while the nilradical u of q is the sum of positive eigenspaces of ad(H). If we denote
by u the sum of negative eigenspaces of ad(H), then
g = u⊕ l⊕ u.
Let L = NG(q). Then L ∩K is a maximal compact subgroup of L.
We arrange the positive root system ∆+(g, h) so that
∆+(l, h) = ∆(l, h) ∩∆+(g, h), ∆(u, h) ⊆ ∆+(g, h).
Denote by ρL (resp., ρLc ) the half sum of positive roots in ∆
+(l, h) (resp., ∆+(l ∩ k, t)). Let
ρLn = ρ
L − ρLc . Denote bu ρ(u) (resp., ρ(u ∩ p), ρ(u ∩ k)) the half sum of roots in ∆(u, t)
(resp., ∆(u ∩ p, t), ∆(u ∩ k, t)). The following relations hold
(11) ρ = ρL + ρ(u), ρc = ρ
L
c + ρ(u ∩ k), ρn = ρ
L
n + ρ(u ∩ k).
Now let Z be an admissible (l, L ∩K)-module with real infinitesimal character λL. That
is, λL ∈ h
∗
R
. Assume that λL is dominant for ∆
+(l, h). For simplicity, assume that Z is in
the good range. That is,
(12) 〈λL + ρ(u), α〉 > 0, ∀α ∈ ∆(u, h).
The cohomological induction functors Lj(·) and R
j(·) lift Z to (g,K)-modules, and the most
interesting case happens at the middle degree S := dim(u ∩ k). We refer the reader to the
book [17] for detailed descriptions. As a quick glimpse, let us state the following result.
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Theorem 3.1. ([17, Theorems 0.50 and 0.51]) Suppose the admissible (l, L ∩K)-module Z
is in the good range. Then we have
(a) Lj(Z) = R
j(Z) = 0 for j 6= S;
(b) LS(Z) ∼= R
S(Z) as (g,K)-modules;
(c) if Z is irreducible and unitary, then LS(Z) is an irreducible unitary (g,K)-module
with infinitesimal character λL + ρ(u).
In the special case that the inducing module Z is a one-dimensional unitary character
Cλ, we will call the corresponding (g,K)-module LS(Z) an Aq(λ) module. After [17], the
module Aq(λ) is called good (relative to q and g) if
(13) 〈λ+ ρ, α〉 > 0, ∀α ∈ ∆(u, h),
and weakly good if
(14) 〈λ+ ρ, α〉 ≥ 0, ∀α ∈ ∆(u, h);
The module Aq(λ) is called fair if
(15) 〈λ+ ρ(u), α〉 > 0, ∀α ∈ ∆(u, h),
and weakly fair if
(16) 〈λ+ ρ(u), α〉 ≥ 0, ∀α ∈ ∆(u, h);
The range that the inducing module Z lives in is crucial for the properties of LS(Z). We will
recall some other ranges later when necessary. However, it is now worth mentioning that as
shown by Salamanca-Riba [24], any irreducible unitary (g,K)-module with a real, integral,
and strongly regular infinitesimal character Λ must be isomorphic to an Aq(λ) module in
the good range. Here Λ being strongly regular means that
(17) 〈Λ− ρ, α〉 ≥ 0, ∀α ∈ ∆+(g, h).
4. Dirac index
In this section, we further assume that G is equal rank. That is, h = t and a = 0. Then
we can talk about Dirac index. Indeed, for the choice ∆+(g, t), put
∆+(p, t) = ∆+(g, t) ∩∆(p, t), ∆−(p, t) = −∆+(p, t).
We have the corresponding isotropic decomposition
p = p+ ⊕ p−,
where p+ =
∑
α∈∆+(p,t) gα and p
− =
∑
α∈∆−(p,t) gα. Then
SpinG
∼=
∧
p+ ⊗ C−ρn .
Any weight in SpinG has the form −ρn+ 〈Φ〉, where Φ is a subset of ∆
+(p, t) and 〈Φ〉 stands
for the sum of the roots in Φ. Now put
(18) Spin+G =
even∧
p+ ⊗ C−ρn , Spin
−
G =
odd∧
p+ ⊗ C−ρn .
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Let X be any (g,K)-module, the Dirac operator D interchanges X ⊗ Spin+G and X ⊗ Spin
−
G.
Thus the Dirac cohomology HD(X) breaks up into the even part and the odd part, which
will be denoted by H+D(X) and H
−
D(X) respectively. The Dirac index is defined as
(19) DI(X) := H+D(X)−H
−
D(X),
which is a virtual K˜-module. By Remark 3.8 of [20], if another positive root system
(∆+)′(g, t) is chosen,
DI′(X) = (−1)#((∆
+)′(p,t)\∆+(p,t))DI(X).
Therefore, the Dirac index is well-defined up to a sign. Moreover, by Proposition 3.12 of
[19],
DI(X) = X ⊗ Spin+G −X ⊗ Spin
−
G.
Proposition 4.1. Let λ ∈ t∗ be admissible. That is, 〈λ, α〉 ≥ 0 for all α ∈ ∆(u, t). Then
(20) DI(Aq(λ)) = (−1)
#∆+(l∩p,t)
∑
w∈W (l,t)1
det(w)Ewρ−ρc .
Proof. This result is actually implicit in the proof of [12, Theorem 5.2]. Adopting the
notations there, Eλ+2ρ(u∩p) is the lowest K-type of Aq(λ); moreover, for each w ∈ W (l, t)
1,
the weight λ+ 2ρ(u ∩ p) + ν, where ν := −ρn + 〈Φ〉, shows up as the highest weight of the
K˜-type Ewρ−ρc of HD(Aq(λ)). The sign of Ewρ−ρc in the Dirac index of Aq(λ) is (−1)
#Φ.
As shown on page 169 of [12],
Φ = ∆+(l ∩ p, t) \ Φw,
where Φw = w(∆
−(g, t))∩∆+(g, t). Thus (−1)#Φ = (−1)#∆
+(l∩p,t)(−1)#Φw . Now the result
follows since (−1)#Φw = det(w). 
It is obvious that if DI(X) is non-zero, then HD(X) must be non-zero. However, the
converse is not true. Indeed, for any irreducible (g,K)-module X, Conjecture 10.3 of [11]
asserts that there should be no cancellation between H+D(X) andH
−
D(X). A counter-example
to this conjecture (revisited below in Example 4.4) has been reported in [5] on split F4, where
the Dirac cohomology is non-zero, but cancellation happens and the Dirac index vanishes.
The following result suggests that for most cases, we can still expect that there is no
cancellation when passing from Dirac cohomology to Dirac index.
Proposition 4.2. Let Z be an irreducible unitary (l, L∩K)-module with infinitesimal char-
acter λL ∈ t
∗
R
which is weakly good. That is, 〈λL + ρ(u), α〉 ≥ 0 for all α ∈ ∆(u, t). Assume
that there is no cancellation between H+D(Z) and H
−
D(Z). Then there is no cancellation
between H+D(LS(Z)) and H
−
D(LS(Z)) as well.
Proof. Note firstly that L is equal rank as well. We have that
SpinL
∼= ∧•(l ∩ p+)⊗ C−ρLn , ρn = ρ
L
n + ρ(u ∩ p).
Now let us go through the proof of [9, Lemma 4.3]. Without loss of generality, we assume
that HD(Z) and HD(LS(Z)) are both non-zero.
On the L level, take the highest weight of an arbitrary component in HD(Z)
(21) γL := µL − ρ
L
n + 〈Φ〉,
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where µL is the highest weight of a L ∩K-type in Z, and Φ is a subset of ∆
+(l ∩ p, t) (see
Remark 4.4 of [9]). Therefore, the component γL has sign (−1)
#Φ in DI(Z).
If µL + 2ρ(u ∩ p) is dominant for ∆
+(k, tf ), then on the G level, we have the following
counterpart of γL:
(22) γG :=
(
µL + 2ρ(u ∩ p)
)
− ρn + 〈Φ〉,
where Φ is the same subset of ∆+(l ∩ p, t) as in (21). In particular, the component γG has
sign (−1)#Φ in DI(LS(Z)) as well. Note that γG = γL + ρ(u ∩ p) in view of (11). On the
other hand, if µL + 2ρ(u ∩ p) is not dominant for ∆
+(k, t), then γL has no counterpart on
the G level.
To sum up, after moving from L to G, any component in H+D(Z) and H
−
D(Z) is either
killed, or just lifted by ρ(u ∩ p) with the parity being preserved. Thus the desired result
follows. 
4.1. Translation Principle of Dirac Index. In order to understand the Dirac index of
Aq(λ)-modules beyond admissible range, one can use the translation principle of Dirac index
given in [19]. More explicitly, let
(23) E˜µ =
{
0 if µ is ∆(k, t)-singular
det(w)Ewµ−ρc if ∃w ∈W (k, t) s.t. wµ is dominant regular for ∆
+(k, t)
,
so that the Dirac index of Aq(0) in Proposition 4.1 can be re-written as
(24) DI(Aq(0)) =
∑
w∈W (l,t)1
det(w)E˜wρ
up to a sign. Then we have:
Theorem 4.3. The Dirac index of weakly fair Aq(λ) is equal to
DI(Aq(λ)) =
∑
w∈W (l,t)1
det(w)E˜w(λ+ρ).
Proof. If Aq(λ) is in the weakly fair range, then by Theorem 0.53 of [17],
Aq(λ) = R
S
q (Cλ) =
S∑
i=0
(−1)iRS−iq (Cλ).
Thus Aq(λ) is in the same coherent family of virtual (g,K)-modules as Aq(0) (c.f. [20,
Definition 3.1]). The result follows from Theorem 4.7 of [19]. 
Example 4.4. Consider the equal rank connected group F4 s in atlas, and let us revisit
Example 6.3 of [5] via the translation method. Fix ∆+(g, t) from page 716 of [16] so that it
has the following simple roots:
α1 =
1
2
(e1 − e2 − e3 − e4), α2 = e4, α3 = e3 − e4, α4 = e2 − e3.
Fix ∆+(k, t) so that it has the following simple roots:
γ1 = α1, γ2 = α2, γ3 = α3, γ4 = 2α1 + 4α2 + 3α3 + 2α4 = e1 + e2.
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Then
ρc = (2,−1,
3
2
,
1
2
).
Let us denote the simple reflections sαi by si for 1 ≤ i ≤ 4. The set W (g, t)
1 can be
enumerated in the way of (5) as follows:
W (g, t)1 = {e, s4, s4s3, s4s3s2, s4s3s2s1, s4s3s2s3, s4s3s2s1s3, s4s3s2s3s4,
s4s3s2s1s3s2, s4s3s2s1s3s4, s4s3s2s1s3s2s3, s4s3s2s1s3s2s4}.
Correspondingly, we have that
ρ(0) = (
11
2
,
5
2
,
3
2
,
1
2
), ρ(1) = (
11
2
,
3
2
,
5
2
,
1
2
), ρ(2) = (
11
2
,
1
2
,
5
2
,
3
2
), ρ(3) = (
11
2
,−
1
2
,
5
2
,
3
2
),
ρ(4) = (5,−1, 3, 2), ρ(5) = (
11
2
,−
3
2
,
5
2
,
1
2
), ρ(6) = (5,−2, 3, 1), ρ(7) = (
11
2
,−
5
2
,
3
2
,
1
2
),
ρ(8) = (
9
2
,−
5
2
,
7
2
,
1
2
), ρ(9) = (5,−3, 2, 1), ρ(10) = (
7
2
,−
5
2
,
9
2
,
1
2
), ρ(11) = (
9
2
,−
7
2
,
5
2
,
1
2
).
The element H = (1, 0, 1, 0) ∈ it0 defines a θ-stable parabolic subalgebra
q = l+ u
via the way of (10), where [l, l] = sp(6,R). Using (24), one computes that
DI(Aq(0)) = −E˜ρ(1) + E˜ρ(2) − E˜ρ(3) + E˜ρ(4) + E˜ρ(5) − E˜ρ(6) + E˜ρ(8) − E˜ρ(10) .
Now let us consider the module Aq(λ) with λ = (−3, 0,−3, 0). This module is in the fair
range. Theorem 4.3 says that
DI(Aq(λ)) = −E˜ρ(1)+λ+ E˜ρ(2)+λ− E˜ρ(3)+λ+ E˜ρ(4)+λ+ E˜ρ(5)+λ− E˜ρ(6)+λ+ E˜ρ(8)+λ− E˜ρ(10)+λ.
One can check that the ρ(j) + λ above is ∆+(k, t)-singular except for j = 3 and 10. Hence
DI(Aq(λ)) = −E˜ρ(3)+λ − E˜ρ(10)+λ = −E˜( 5
2
,− 1
2
,− 1
2
, 3
2
) − E˜( 1
2
,− 5
2
, 3
2
, 1
2
).
Note that
sγ2sγ3(
5
2
,−
1
2
,−
1
2
,
3
2
) = sγ4(
1
2
,−
5
2
,
3
2
,
1
2
) = (
5
2
,−
1
2
,
3
2
,
1
2
),
which is dominant regular for ∆+(k, t). Therefore, by (23),
DI(Aq(λ)) = −E( 5
2
,− 1
2
, 3
2
, 1
2
)−ρc
+ E( 5
2
,− 1
2
, 3
2
, 1
2
)−ρc
= 0.
Finally, we note that Aq(0) is the module in the 15-th row of [5, Table 10] with a = 1,
while Aq(λ) is the module in the 13-th row of [5, Table 6]. 
5. Dirac index of weakly fair Aq(λ) modules of U(p, q)
From now on, we focus on G = U(p, q). Consider the θ-stable parabolic subalgebra
q = l⊕ u of g defined in the way of (10) by the following element
(25) (
p1︷ ︸︸ ︷
a1, . . . , a1,
p2︷ ︸︸ ︷
a2, . . . , a2, . . . ,
pk︷ ︸︸ ︷
ak . . . ak |
q1︷ ︸︸ ︷
a1 . . . a1,
q2︷ ︸︸ ︷
a2, . . . , a2, . . . ,
qk︷ ︸︸ ︷
ak . . . ak),
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where pi, qj ≥ 0 for all 1 ≤ i, j ≤ k and a1 > a2 > · · · > ak. Here
∑k
i=1 pi = p, and∑k
i=1 qi = q. Then
l = u(p1, q1)⊕ u(p2, q2)⊕ · · · ⊕ u(pk, qk).
5.1. A Characterization of Aq(λ)-modules.
Definition 5.1. Let q = l⊕u be θ-stable Levi subalgebra of g given by Equation (25). Then
a signed chain is given by:
Ci(Ai) := (Ai, Ai − 1, . . . , ai + 1, ai)
pi,qi , i = 1, . . . , k,
where ai = Ai − (pi + qi − 1). An Aq-chain is defined as the ordered union of signed chains⋃k
i=1 Ci(Ai). Moreover, we say an Aq-chain is
(a) good if ai > Ai+1 for all i.
(b) fair if (Ai + ai)/2 > (Ai+1 + ai+1)/2 for all i.
If the above strict inequalities are replaced by ≥, we call the corresponding Aq-chain weakly
good and weakly fair respectively.
Let λ be such that Cλ is a unitary (l, L ∩K)-module. We assign each Aq(λ)-module to
an Aq-chain. Firstly, when λ = 0, Aq(0) is assigned to the following Aq-chain:
(26) Aq(0)←→
k⋃
i=1
Ci(Zi)
with Zi :=
∑k
j=i pj + qj. In general, for each Aq(λ) with
λ := (
p1︷ ︸︸ ︷
λ1, . . . , λ1,
p2︷ ︸︸ ︷
λ2, . . . , λ2, . . . ,
pk︷ ︸︸ ︷
λk . . . λk |
q1︷ ︸︸ ︷
λ1 . . . λ1,
q2︷ ︸︸ ︷
λ2, . . . , λ2, . . . ,
qk︷ ︸︸ ︷
λk . . . λk), λi ∈ Z
we assign the Aq-chain
(27) Aq(λ)←→
k⋃
i=1
Ci(Zi + λi).
Similar to the characterizations of [26, p.22], one can check that an Aq(λ)-module is in the
(weakly) good/(weakly) fair range if and only if its corresponding Aq-chain is in the (weakly)
good/(weakly) fair range in the sense of Definition 5.1 respectively. Combining Theorem
3.1b(iv), Definition 3.4 and Lemma 3.5 of [26], we know that a weakly fair Aq(λ) of U(p, q)
is either irreducible unitary or zero.
Let
τ := (
p+ q + 1
2
, . . . ,
p+ q + 1
2
).
Then the infinitesimal character of Aq(λ)←→
⋃k
i=1 Ci(Ai) is given by the W (g, t)-conjugate
of
(A1, . . . , a1; . . . ;Ak, . . . , ak)− τ.
For instance, the infinitesimal character of Aq(0) is equal to
(Z1, . . . , Z1−(p1+q1−1); · · · ;Zk, . . . , Zk−(pk+qk−1))−τ = (p+q, p+q−1, . . . , 2, 1)−τ = ρ.
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Using this characterization of the infinitesimal character of Aq(λ) modules, the results of
[13] can be rephrased as follows.
Lemma 5.2. Suppose Aq(λ) corresponds to the Aq-chain
⋃k
i=1 Ci(Ai). Assume that HD(Aq(λ))
6= 0. Then
(28)
• The entries
k⋃
i=1
{Ai, . . . , ai} cannot appear more than twice; and
• There are at most min{p, q} distinct entries appearing twice in
k⋃
i=1
{Ai, . . . , ai}.
Proof. Let Λ := (A1, . . . , a1; . . . ;Ak, . . . , ak) − τ be the infinitesimal character of Aq(λ). If
HD(Aq(λ)) 6= 0, then by Theorem 1.1 there must be an element w ∈ W (g, t) such that wΛ
is a ∆+(k, t)-regular weight of the form:
wΛ = (ω1, . . . , ωp| ωp+1, . . . , ωp+q).
Suppose on the contrary that there are r ≥ 3 repeated entries in
⋃k
i=1{Ai, . . . , ai}, then all
Weyl conjugates wΛ must have repeated entries in either {ω1, . . . , ωp} or {ωp+1, . . . , ωp+q}.
Hence wΛ cannot be ∆+(k, t)-regular.
Similarly, if there are more than min{p, q} entries of
⋃k
i=1{Ai, . . . , ai} repeating twice,
then at least one of them will appear twice in either {ω1, . . . , ωp} or {ωp+1, . . . , ωp+q}, con-
tradicting the regularity of wΛ. 
Example 5.3. Let G = U(2, 4) and consider the θ-stable parabolic subalgebra q of g defined
by the element (1, 1|2, 1, 1, 0). Then l = u(0, 1) + u(2, 2) + u(0, 1). We assign the chain
(6)0,1 ∪ (5, 4, 3, 2)2,2 ∪ (1)0,1
to the module Aq(0), and assign the chain
(4)0,1 ∪ (5, 4, 3, 2)2,2 ∪ (3)0,1
to the module Aq(λ) with λ = (0, 0|−2, 0, 0, 2). Note that Aq(λ) is fair but not weakly good.
The infinitesimal character of Aq(λ) is (
3
2 ,
1
2 ,
1
2 ,−
1
2 ,−
1
2 ,−
3
2 ). 
5.2. Dirac index for weakly fair Aq(λ) modules. We now rephrase Theorem 4.3 using
our notion of chains.
A (p, q)-shuffle of the numbers a1 > a2 > · · · > ap+q is a permutation i1, . . . , ip, j1, . . . , jq
of the indices 1, 2, . . . , p + q such that
ai1 > ai2 > · · · > aip , aj1 > aj2 > · · · > ajq .
The total number of (p, q)-shuffles is
(p+q
p
)
.
Corollary 5.4. For all weakly fair Aq(λ) corresponding to Aq-chain
⋃k
i=1 C(Ai) in (27), its
Dirac index is given by:
DI(Aq(λ)) =
∑
w∈W (l,t)1
det(w)E˜(α1, . . . , β1︸ ︷︷ ︸
p1
; ...; αk, . . . , βk︸ ︷︷ ︸
pk
|γ1, . . . , δ1︸ ︷︷ ︸
q1
; ...; γk, . . . , δk︸ ︷︷ ︸
qk
)−τ
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where the sum above is over all are the (pi, qi)-shuffles of the pi+qi coordinates (αi, . . . , βi; γi, . . . , δi)
of (Ai, . . . , ai) given by w ∈W (l, t)
1.
Example 5.5. Let G be U(2, 4), and consider the Aq(λ) module corresponding to (4)
0,1 ∪
(5, 4, 3, 2)2,2 ∪ (3)0,1 in Example 5.3. Then λ = (0, 0;−2, 0, 0, 2), and its Dirac index is equal
to
DI(Aq(λ)) = E˜(54|6;32;1)+λ−τ − E˜(53|6;42;1)+λ−τ + E˜(52|6;43;1)+λ−τ
+ E˜(43|6;52;1)+λ−τ − E˜(42|6;53;1)+λ−τ + E˜(32|6;54;1)+λ−τ
= E˜(54|4;32;3)−τ − E˜(53|4;42;3)−τ + E˜(52|4;43;3)−τ
+ E˜(43|4;52;3)−τ − E˜(42|4;53;3)−τ + E˜(32|4;54;3)−τ .
Note that only the fourth term has non-singular weight for ∆(k, t). Thus we have
DI(Aq(λ)) = E˜(43|4;52;3)−τ = E(43|5432)−τ−ρc = E(00|0000)
up to a sign, where the second equality holds since the permutation (4523) 7→ (5432) is even.

We now compute the Dirac index for all weakly fair Aq(λ), i.e., the corresponding Aq-
chains
⋃k
i=1 Ci(Ai) must be weakly fair in the sense of Definition 5.1. First of all, if the
Aq-chain does not satisfy (28), then by Lemma 5.2 it must have zero Dirac cohomology and
Dirac index. Therefore, we assume our weakly fair Aq-chain satisfies (28) from now on.
Let R be the coordinates appearing more than once in
⋃
i{Ai, . . . , ai}. By Lemma 5.2,
#R ≤ min{p, q}, and each r ∈ R can only appear in two chains. For all i < j, let
(29) Rij := {Ai, . . . , ai} ∩ {Aj , . . . , aj}.
Then the disjoint union of the non-empty Rij’s gives R.
Lemma 5.6. Using the above notations, consider the inequalities for non-negative integers
(aij , bij), 1 ≤ i < j ≤ k:
(30)

aij + bij = #Rij,
aij ≤ min{pi, qj},
bij ≤ min{pj, qi},(∑
j>i aij +
∑
l<i bli
)
≤ pi,(∑
l<i ali +
∑
j>i bij
)
≤ qi.
Suppose the above inequalities have no solutions, then DI(Aq(λ)) = 0.
Proof. By the translation principle, in order for DI(Aq(λ)) 6= 0, there must be some w ∈
W (l, t)1 such that E˜wρ −→ E˜w(ρ+λ) yields a non-singular weight in ∆
+(k, t). Therefore,
the entries in R must appear both in the first p coordinates and the last q coordinates of
w(ρ+ λ).
Indeed, each solution set (aij , bij) in (30) determines the positions of the entries of R in
w(ρ + λ). More precisely, aij gives the possibilities of the cardinality of Sij ⊂ Rij , so that
the entries in Sij appear between the (p1+ · · ·+ pi−1+1)
st and (p1+ · · ·+ pi)
th coordinates
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as well as the (p+ q1+ · · ·+ qj−1+1)
st and (p+ q1+ · · ·+ qj)
th coordinates of w(ρ+λ), while
bij is the cardinality of Rij\Sij , whose entries appear between the (p1+ · · ·+pj−1+1)
st and
(p1+ · · ·+ pj)
th coordinates as well as the (p+ q1+ · · ·+ qi−1+1)
st and (p+ q1+ · · ·+ qi)
th
coordinates of w(ρ + λ) (See Algorithm 5.9 below for more details). Consequently, if (30)
have no solutions, then for all w ∈ W (l, t)1, there exists rw ∈ R such that it appears in the
first p coordinates or the last q coordinates of w(ρ+ λ) twice, and hence the Dirac index is
zero. 
Example 5.7. Let G = U(2, 2), and we consider the 6 discrete series representations Abi(0)
for bi = hi+ni corresponding to the θ-stable Borel subalgebras defined by the elements ρ1 =
(4, 3|2, 1), ρ2 = (4, 2|3, 1), ρ3 = (4, 1|3, 2), ρ4 = (3, 2|4, 1), ρ5 = (3, 1|4, 2) and ρ6 = (2, 1|4, 3)
in the fundamental Cartan subalgebra. In terms of Aq-chains, they are of the form
Abi(0) = (4)
σi,4 ∪ (3)σi,3 ∪ (2)σi,2 ∪ (1)σi,1 ,
where
σi,j =
{
(1, 0) if j appears in the first 2 coordinates of ρi
(0, 1) if j appears in the last 2 coordinates of ρi
,
and HD(Abi(0)) = E˜ρi−τ .
Suppose we apply translation
Abi(0) = (4)
σi,4 ∪ (3)σi,3 ∪ (2)σi,2 ∪ (1)σi,1 −→ Abi(λ) = (3)
σi,4 ∪ (3)σi,3 ∪ (2)σi,2 ∪ (2)σi,1 ,
then the infinitesimal character of Abi(λ) satisfies (28), yet DI(Abi(λ)) = E(3,2|3,2)−ρk−τ is
nonzero only for i = 2, 3, 4, 5.
Under the perspective of the above Lemma, R = R12 ∪ R34 = {3} ∪ {2}. Equation (30)
is solvable for the Aq-chains corresponding to Ab2(λ) (with (a12, b12, a34, b34) = (1, 0, 1, 0)),
Ab3(λ) (with (a12, b12, a34, b34) = (1, 0, 0, 1)), andAb4(λ) (with (a12, b12, a34, b34) = (0, 1, 1, 0))
and Ab5(λ) (with (a12, b12, a34, b34) = (0, 1, 0, 1)) only.
To see why Ab1(λ) and Ab6(λ) yield zero Dirac index, one can use [26] to compute their
associated varieties and annihilators. In our example, the tableau corresponding to the
annihilator of both modules is equal to
3 2
3 2
, which has repeated entries on the columns.
Therefore, it is equivalent to the zero tablueau, and hence both Ab1(λ) and Ab6(λ) are zero
modules by [26, Theorem 7.9]. 
Remark 5.8. We expect that the above observation holds in general. That is, if a weakly
fair Aq(λ) module whose infinitesimal character satisfies (28) but (30) has no solutions, then
it must be the zero module.
By Lemma 5.6, we can focus on the weakly fair Aq(λ) such that (30) has a solution. In
such cases, we list all possible K˜-types appearing in DI(Aq(λ)):
Algorithm 5.9. Each term appearing in the Dirac index of Aq(λ) is obtained by filling up
the coordinates αi, βi of the form
(
p1︷ ︸︸ ︷
α1, . . . , α1;
p2︷ ︸︸ ︷
α2, . . . , α2; . . . ;
pk︷ ︸︸ ︷
αk, . . . , αk |
q1︷ ︸︸ ︷
β1 . . . β1;
q2︷ ︸︸ ︷
β2, . . . , β2; . . . ;
qk︷ ︸︸ ︷
βk, . . . , βk)
by the following steps:
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(1) For each solution {(aij , bij)| 1 ≤ i < j ≤ k} given in (30), fix a subset Sij ⊆ Rij with
#Sij = aij (and hence #(Rij\Sij) = bij).
(2) Fill in aij of the positions marked with αi and βj by Sij , and bij of the positions
marked with αj and βi by Rij\Sij .
(3) For the remaining unfilled αi and βi positions, fill them up with the coordinates
{Ai, . . . , ai}\R.
(4) For the positions marked by αi, . . . , αi (1 ≤ i ≤ p) and βj , . . . , βj (1 ≤ j ≤ q),
rearrange its entries in descending order and get ν, so that E˜ν is obtained from
translating an E˜wρ appearing in DI(Aq(0)).
(5) Reorder the first p and last q coordinates of ν in descending order to get a dominant
regular ∆(k, t)-weight µ. Then the K˜-type E˜µ = Eµ−ρc shows up in DI(Aq(λ)).
Example 5.10. Consider the Aq(λ) module of U(5, 6) corresponding to the following Aq-
chain via (27):
(7, 6, 5, 4, 3)3,2 ∪ (5, 4, 3, 2, 1)2,3 ∪ (1)0,1.
This Aq(λ) module is fair but not weakly good. Let us arrange the αi and βj as follows:
(α1, α1, α1;α2, α2|β1, β1;β2, β2, β2;β3).
One computes that R12 = {5, 4, 3}, R23 = {1}.
Now study the possibilities of (a12, b12), (a23, b23):
a12 + b12 = 3,
a12 ≤ 3,
b12 ≤ 2,

a23 + b23 = 1,
a23 ≤ 1,
b23 ≤ 0,
{
b12 + a23 ≤ 2,
a12 + b23 ≤ 3.
The middle system of equations forces (a23, b23) = (1, 0), and hence the right system of
equations gives
{
b12 ≤ 1,
a12 ≤ 3.
Thus the possibilities of (a12, b12) are (3, 0) and (2, 1) only.
Do the case for (a12, b12) = (3, 0), (a23, b23) = (1, 0) first. So S12 = {5, 4, 3} and S23 = {1}
is the only possibility, i.e.
(5, 4, 3;α2, 1|β1, β1; 5, 4, 3; 1)
Now will fill the unrepeated entries {7, 6} to the unfilled α1, β1 positions, and {2} to the
unfilled α2, β2 positions. So the only possibility is
(5, 4, 3; 2, 1|7, 6; 5, 4, 3; 1)
Now do the case (a12, b12) = (2, 1), (a23, b23) = (1, 0). We still have S23 = {1} as the only
possibility, but now S12 can be {5, 4}, {5, 3} and {4, 3}.
Consider the case of S12 = {5, 4}, S23 = {1}, i.e.
(5, 4, α1; 3, 1|3, β1 ; 5, 4, β2; 1)
The unrepeated entries are {7, 6} for α1, β1, {2} for α2, β2. So we have two possibilities:
(7, 5, 4; 3, 1|6, 3; 5, 4, 2; 1), (6, 5, 4; 3, 1|7, 3; 5, 4, 2; 1).
Similarly, the two possibilities for S12 = {4, 3}, S23 = {1} are
(7, 4, 3; 5, 1|6, 5; 4, 3, 2; 1), (6, 4, 3; 5, 1|7, 5; 4, 3, 2; 1).
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And for S12 = {5, 3}, S23 = {1}, we have
(7, 5, 3; 4, 1|6, 4; 5, 3, 2; 1), (6, 5, 3; 4, 1|7, 4; 5, 3, 2; 1).
To sum up, the terms E(54321|765431)−τ−ρc , E(75431|654321)−τ−ρc and E(65431|754321)−τ−ρc all
may appear in DI(Aq(λ)).
To check their multiplicities in the Dirac index, note that ourAq(λ) comes from translation
(11, 10, 9, 8, 7)3,2 ∪ (6, 5, 4, 3, 2)2,3 ∪ (1)0,1 −→ (7, 6, 5, 4, 3)3,2 ∪ (5, 4, 3, 2, 1)2,3 ∪ (1)0,1.
That is,
λ = (−4,−4,−4,−1,−1| − 4,−4,−1,−1,−1, 0).
So by Theorem 4.3, the Dirac index of Aq(λ) is obtained by
(31)
+E˜(9,8,7;3,2|11,10;6,5,4;1)−τ −→ +E˜(5,4,3;2,1|7,6;5,4,3;1)−τ = +E(5,4,3,2,1|7,6,5,4,3,1)−τ−ρc
−E˜(11,9,8;4,2|10,7;6,5,3;1)−τ −→ −E˜(7,5,4;3,1|6,3;5,4,2;1)−τ = −E(7,5,4,3,1|6,5,4,3,2,1)−τ−ρc
+E˜(10,9,8;4,2|11,7;6,5,3;1)−τ −→ +E˜(6,5,4;3,1|7,3;5,4,2;1)−τ = +E(6,5,4,3,1|7,5,4,3,2,1)−τ−ρc
−E˜(11,8,7;6,2|10,9;5,4,3;1)−τ −→ −E˜(7,4,3;5,1|6,5;4,3,2;1)−τ = −E(7,5,4,3,1|6,5,4,3,2,1)−τ−ρc
+E˜(10,8,7;6,2|11,9;5,4,3;1)−τ −→ +E˜(6,4,3;5,1|7,5;4,3,2;1)−τ = +E(6,5,4,3,1|7,5,4,3,2,1)−τ−ρc
−E˜(11,9,7;5,2|10,8;6,4,3;1)−τ −→ −E˜(7,5,3;4,1|6,4;5,3,2;1)−τ = −E(7,5,4,3,1|6,5,4,3,2,1)−τ−ρc
+E˜(10,9,7;5,2|11,8;6,4,3;1)−τ −→ +E˜(6,5,3;4,1|7,4;5,3,2;1)−τ = +E(6,5,4,3,1|7,5,4,3,2,1)−τ−ρc
Here the first column are some E˜wρ appearing DI(Aq(0)), whose signs are obtained by the
determinant of w ∈ W (l, t)1 sending ρ = (11, 10, 9; 6, 5|8, 7; 4, 3, 2; 1) to wρ. The second
column are the E˜ν ’s in Step (5) of Algorithm 5.9, and the equality at the last column is
given by (23).
As for the other w ∈W (l, t)1 not listed in (31), the resulting E˜wρ −→ E˜ν is singular and
hence equal to 0. Therefore,
DI(Aq(λ)) = +E(5,4,3,2,1|7,6,5,4,3,1)−τ−ρc−3E(7,5,4,3,1|6,5,4,3,2,1)−τ−ρc+3E(6,5,4,3,1|7,5,4,3,2,1)−τ−ρc .

Note that in (31), the sign for any fixed Eµ appearing on the right column is the same.
This is indeed true in general.
Theorem 5.11. Every weakly fair Aq(λ) such that (30) is solvable for (aij , bij) has nonzero
Dirac index. More precisely, suppose the K˜-type Eµ−ρc is obtained by applying Algorithm 5.9
to the choice of solutions (aij , bij) in (30), then Eµ−ρc appears in DI(Aq(λ)) with multiplicity∏
{i<j|Rij 6=φ}
(
aij + bij
aij
)
.
Example 5.12. The paper [3] studied the Dirac cohomology of certain unipotent represen-
tations πu. When G = U(p, q), these representations correspond to the chains
(A1, . . . , a1)
p1,q1 ∪ (A2, . . . , a2)
p2,q2
with A1 + a1 ≥ A2 + a2 so that the corresponding Aq(λ) is in weakly fair range, and:
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• {A1, . . . , a1} ⊆ {A2, . . . , a2}, p1 ≤ q2, and q1 ≤ p2; or
• {A1, . . . , a1} ⊇ {A2, . . . , a2}, p1 ≥ q2, and q1 ≥ p2.
We only focus on the first case, which has R = R12 = {A1, . . . , a1}. Note that since
a12+b12 = p1+q1, and a12 ≤ p1, b12 ≤ q1, the only option for (a12, b12) is (a12, b12) = (p1, q1).
Therefore, each Eµ−ρc appearing in DI(πu) has multiplicity
(
p1 + q1
p1
)
.
On the other hand, Theorem 5.3 of [3] implies that each Eν appearing in the Dirac
cohomology has multiplicity
(
p1 + q1
p1
)
. This implies that there are no cancellations in the
expression of DI(πu) = πu ⊗ Spin
+
G − πu ⊗ Spin
−
G. 
Remark 5.13. Conjecture 10.3 of [11] suggests that there should be no cancellation among
the K˜-types when passing from HD(π) to DI(π). We have just seen this is the case for the
unipotent representations in Example 5.12. Moreover, our calculation on atlas implies that
the conjecture holds on small rank groups of U(p, q).
Proof. Fix a K˜-type Eµ−ρc which is obtained as in Algorithm 5.9, then by the construction
therein, it must come from different subsets of Sij and Rij\Sij for a fixed choice of (aij , bij)
with #Sij = aij , #(Rij\Sij) = bij.
For any Sij with #Sij = aij (
(
aij + bij
aij
)
choices in total), there is a unique way to fill in
the unrepeated entries αi, αj , βi, βj so that Algorithm 5.9 gives Eµ−ρc . Therefore, as in (31),
there is a total of
∏
{i<j | Rij 6=φ}
(
aij + bij
aij
)
copies of ±Eµ−ρc appearing in the Dirac index of
Aq(λ). So it suffices to show that for each choice of Sij , the algorithm gives a copy of Eµ−ρc
of the same sign.
We focus on a fixed i < j with Rij 6= φ. Let r := #Rij , a := aij, b := bij so that a+b = r.
Note that by the definition of Rij (29), the elements s1 > · · · > sr in Rij are consecutive
integers. Therefore, for any choice of
{φ1 > · · · > φa} = Sij , {ψ1 > · · · > ψb} = Rij\Sij ,
they must appear in the form
(32)
ν(Sij) := (. . . ,
pi︷ ︸︸ ︷
αi, . . . , αi, φ1 > · · · > φa, α
′
i, . . . , α
′
i, . . . ,
pj︷ ︸︸ ︷
αj , . . . , αj , ψ1 > · · · > ψb, α
′
j , . . . , α
′
j , . . . |
. . . ,
qi︷ ︸︸ ︷
βi, . . . , βi, ψ1 > · · · > ψb, β
′
i, . . . , β
′
i, · · · ,
qj︷ ︸︸ ︷
βj , . . . , βj , φ1 > · · · > φa, β
′
j , . . . , β
′
j , . . . ),
where the amount of αi, α
′
i, αj , α
′
j , βi, β
′
i, βj , β
′
j entries are equal for all choices of Sij, whose
values are determined by our fixed choice of Eµ−ρc .
Our proof will follow from the following claims.
Claim 1 For each Sij ⊂ Rij, let w(Sij) ∈ W (l, t)
1 be such that the translation principle
gives E˜w(Sij)ρ −→ E˜ν(Sij). Then det(w(Sij)) is of the same sign for all Sij with #Sij = a.
ON THE DIRAC SERIES OF U(p, q) 17
Proof of Claim 1. Suppose S ′ij = {κ1 > · · · > κa} and Rij\Sij = {η1 > · · · > ηb} be such
that
(33)
ν(S ′ij) = (. . . ,
pi︷ ︸︸ ︷
αi, . . . , αi, κ1 > · · · > κa, α
′
i, . . . , α
′
i, . . . ,
pj︷ ︸︸ ︷
αj , . . . , αj , η1 > · · · > ηb, α
′
j , . . . , α
′
j , · · · |
. . . ,
qi︷ ︸︸ ︷
βi, . . . , βi, η1 > · · · > ηb, β
′
i, . . . , β
′
i, . . . ,
qj︷ ︸︸ ︷
βj , . . . , βj , κ1 > · · · > κa, β
′
j , . . . , β
′
j , . . . ),
then one has
{κ1 > · · · > κa, η1 > · · · > ηb} = {φ1 > · · · > φa, ψ1 > · · · > ψb} = {s1 > · · · > sr}.
So w(Sij) and w(S
′
ij) differ by a Weyl group element in Spi+qi × Spj+qj of the form
(
pi︷ ︸︸ ︷
∗, · · · , ∗, φ1, . . . , φa, ∗, · · · , ∗,
qi︷ ︸︸ ︷
∗, · · · , ∗, ψ1, . . . , ψb, ∗, · · · , ∗)
→ (
pi︷ ︸︸ ︷
∗, · · · , ∗, κ1, . . . , κa, ∗, · · · , ∗,
qi︷ ︸︸ ︷
∗, · · · , ∗, η1, . . . , ηb, ∗, · · · , ∗) ∈ Spi+qi
(
pj︷ ︸︸ ︷
∗, · · · , ∗, ψ1, . . . , ψb, ∗, · · · , ∗,
qj︷ ︸︸ ︷
∗, · · · , ∗, φ1, . . . , φa, ∗, · · · , ∗)
→ (
pj︷ ︸︸ ︷
∗, · · · , ∗, η1, . . . , ηb, ∗, · · · , ∗,
qj︷ ︸︸ ︷
∗, · · · , ∗, κ1, . . . , κa, ∗, · · · , ∗) ∈ Spj+qj
where the entries marked with ∗ are unchanged. It is not hard to see this Weyl group
element has determinant 1. Therefore, one concludes that det(w(Sij)) = det(w(S
′
ij)) for all
#Sij = #S
′
ij = a.
Claim 2 The Weyl group elements in Sp × Sq translating ν(Sij), ν(S
′
ij) to µ have the same
determinant.
Proof of Claim 2. Firstly, we translate ν(Sij) and ν(S
′
ij) by the same element in Sp × Sq
such that the φ,ψ-entries and κ, η-entries of ν(Sij) and ν(S
′
ij) respectively appears at the
first r = a+ b coordinates. So we are left to check the Weyl group element in Sa+b × Sa+b
(φ1, . . . , φa, ψ1, . . . , ψb|ψ1, . . . , ψb, φ1, . . . , φa)→ (κ1, . . . , κa, η1, . . . , ηb|η1, . . . , ηb, κ1, . . . , κa)
has determinant 1. Indeed, both elements above can be mapped to the dominant element
(s1, . . . , sr|s1, . . . , sr) by
(φ1, . . . , φa, ψ1, . . . , ψb|ψ1, . . . , ψb, φ1, . . . , φa)
(e,wb,a)
−→ (φ1, . . . , φa, ψ1, . . . , ψb|φ1, . . . , φa, ψ1, . . . , ψb)
(wφ,ψ ,wφ,ψ)
−→ (s1, . . . , sr|s1, . . . , sr),
where det(e, wb,a) = (−1)
ab and det(wφ,ψ, wφ,ψ) = det(wφ,ψ)
2 = 1. Replacing wφ,ψ with
wκ,η above, the argument is identical for (κ1, . . . , κa, η1, . . . , ηb|η1, . . . , ηb, κ1, . . . , κa), both of
which involve a Weyl group element of determinant (−1)ab˙. Hence the claim follows.
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To conclude, for a fixed K˜-type E˜µ = Eµ−ρc , then each w(Sij) (with #Sij = a) on the
first column of Equation (31) has the same sign by Claim 1. Also, the equality on the last
column of (31) makes the same sign change thanks to Claim 2. Consequently, each Eµ−ρc in
(31) contributes to the Dirac index of Aq(λ) with the same sign, and the result follows. 
6. Vogan’s conjecture on Û(p, q)
In this section, we provide some calculations on atlas relevant to Conjecture 1.2 and
Conjecture 1.3.
Example 6.1. Let us single out all the irreducible representations of SU(3, 3) with infini-
tesimal character ρc (= [2, 2, 1, 1, 0] in atlas) and full support as follows. Here some
outputs are omitted for convenience.
G:SU(3,3)
set all=all_parameters_gamma(G, [2, 2, 1, 1, 0])
#all
Value: 38
for p in all do if #support(x(p))=5 and is_unitary(p) then prints(p) fi od
final parameter(x=210,lambda=[4,5,3,2,1]/1,nu=[2,2,1,1,0]/1)
final parameter(x=205,lambda=[4,4,2,2,0]/1,nu=[2,2,1,1,0]/1)
final parameter(x=204,lambda=[4,4,2,2,0]/1,nu=[2,2,1,1,0]/1)
One can check that the last two parameters can be obtained by restricting the Aq(λ)-modules
in U(3, 3) with Aq-chains
(3, 2, 1)1,2 ∪ (3, 2, 1)2,1 , (3, 2, 1)2,1 ∪ (3, 2, 1)1,2
to SU(3, 3).
We note that the first parameter does not correspond to a weakly fair Aq(λ). Indeed, by
checking its associated variety by atlas [2, 30], it is a union of four K-nilpotent orbits in p.
Since all nonzero Aq(λ)-modules in U(p, q) has associated variety equal to the closure of a
single K-nilpotent orbit (c.f. [27]), this cannot be an Aq(λ)-module and hence this gives a
counter-example of Conjecture 1.2. 
To account for the first module in the previous example, let G = SU(p, p) and
Σp := Ind
G
P (σ
p), Σ′p := Ind
G
P (σ
p+1),
where P = MAN is the Siegel parabolic of G, and σ is the nontrivial character of the
component group of M (∼= Z/2Z). The associated variety of Σp and Σ
′
p are both equal to
the union of all K-real forms of the complex nilpotent orbit corresponding to the partition
[2p] (p+ 1 orbits in total).
By [18], Σp is reducible for all p, whose composition factors consist of Aq(λ)-modules in
U(p, p) of the form
(p, . . . , 1)i,p−i ∪ (p, . . . , 1)p−i,i , 0 ≤ i ≤ p
restricted to G, all appearing with multiplicity one. On the other hand, [15, Section 5]
implies that Σ′p is irreducible, and the first parameter in Example 6.1 corresponds to Σ
′
3.
This can be verified by atlas as follows:
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G:SU(3,3)
set P=KGP(G,[0,1,3,4])[9]
set L=Levi(P)
L
Value: disconnected quasisplit real group with Lie algebra ’sl(3,C).gl(1,R)’
real_induce_irreducible(trivial(L),G)
Value:
1*parameter(x=210,lambda=[4,5,3,2,1]/1,nu=[2,2,1,1,0]/1) [0]
To study the Dirac cohomology of Σ′p, note that its infinitesimal character is conjugate to
ρc, and its K-types are of the form
(34) Σ′p|K =

⊕
ai∈Z, a1≥···≥ap
E(a1,...,ap|−ap,...,−a1) if p is odd⊕
ai∈Z, a1≥···≥ap
E(a1+ 12 ,...,ap+
1
2
|−ap−
1
2
,...,−a1−
1
2
) if p is even
by Frobenius reciprocity. Therefore, by Theorem 1.1, if HD(Σ
′
p) 6= 0, then there must be a
K-type Eµ in Σ
′
p, and a subset 〈Φ〉 ⊂ ∆
+(p, t) such that
µ− ρn + 〈Φ〉 = wρc − ρc
is the highest weight of a K˜-type appearing in HD(Σ
′
p). This forces wρc = ρc and
(35) µ+ 〈Φ〉 = ρn.
Note that ρn is half the sum of all roots of the form ǫi−ǫj with 1 ≤ i ≤ p < j ≤ 2p, which has
p2 roots in total. Therefore, if p is odd, then the coordinates of ρn consists of half-integers.
However, by the choice of µ given in (34), the coordinates of left hand side of (35) must be
integers. Therefore, Σ′p do not appear in the Dirac series for odd p and similarly for even p.
In other words, Σ′p does not violate Conjecture 1.3.
7. Parity of spin-lowest K-types and cancellation in the Dirac index
In this section, we assume that G has finite center and that rank(G) = rank(K). We
choose the Vogan diagram for g0 as Appendix C of [16]. Then we have actually fixed a
∆+(g, t) = ∆+(k, t) ∪∆+(p, t).
The Vogan diagram for g0 has a unique black dot, and we denote the corresponding funda-
mental weight by ζ. The following result should be well-known, and it can be obtained by
going through the classification of real simple Lie algebras.
Lemma 7.1. Let β be the highest root in ∆+(g, t). Then G/K is Hermitian symmetric if
and only if the unique black dot simple root has coefficient 1 in β. Otherwise, the unique
black dot simple root must have coefficient 2 in β. As a consequence, we always have that
for any α ∈ ∆(g, t),
(36) 〈α, ζ〉 is even⇔ α ∈ ∆(k, t), 〈α, ζ〉 is odd⇔ α ∈ ∆(p, t).
Lemma 7.2. For any w ∈ W (g, t)1, the set Φw := w∆
−(g, t) ∩∆+(g, t) must be contained
in ∆+(p, t).
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Proof. Suppose there exists a w ∈W (g, t)1 such that Φw is not contained in ∆
+(p, t). Then
we can find a root α ∈ ∆+(k, t) such that α ∈ Φw. By the definition of Φw, we can further
find a root β ∈ ∆+(g, t) such that α = −wβ. That is, −α = wβ. Now,
〈−α,wρ〉 = 〈wβ,wρ〉 = 〈β, ρ〉 > 0.
Therefore, 〈wρ, α〉 < 0. This contradicts to the assumption that w ∈ W (g, t)1 since wρ
should be dominant for ∆+(k, t). 
The first named author learned the following result from Pandzˇic´. It should be well-known
to the experts.
Lemma 7.3. We have the following decompositions of the spin module into k-types:
(37) Spin+G =
⊕
l(w)even
Ewρ−ρc , Spin
−
G =
⊕
l(w)odd
Ewρ−ρc ,
where w runs over the set W (g, t)1.
Proof. As we know,
SpinG =
∧
p+
⊗
C−ρn
∼=
⊕
w∈W (g,t)1
Vwρ−ρc .
It remains to separate the even part and the odd part of the spin module. Take an arbitrary
w ∈W (g, t)1. Then there exists a subset Φ of ∆+(p, t) such that
−wρ+ ρc = −ρn + 〈Φ〉,
where 〈Φ〉 stands for the sum of roots in Φ. One deduces from the above equality that
〈Φw〉 = 〈Φ〉.
Taking inner products of the two sides of the above equality with ζ, we have that
(38) l(w) ≡ #Φ mod 2
by recalling (36) and Lemma 7.2. Note that −wρ + ρc is the lowest weight of the k-type
Ew′ρ−ρc , where w
′ ∈ W (g, t)1 may or may not be w. The correspondence w ↔ w′ actually
gives an involution of the set W (g, t)1. Moreover, any weight of Ew′ρ−ρc can be obtained by
adding some roots of ∆+(k, t) to −wρ+ ρc. Now the desired result follows from (36). 
From now on, we assume that X is a unitary Aq(λ) module which may not be irreducible.
Here q = l+ u, and be careful that we need to pick up some 0 ≤ j ≤ s− 1 so that
∆(u, t) ⊆ (∆+)(j)(g, t) := ∆+(k, t) ∪w(j)∆+(p, t).
Then we set ∆+(l, t) as the intersection of ∆(l, t) and (∆+)(j)(g, t). In particular, it can
happen that a root in ∆(u ∩ p) (or in ∆+(l ∩ p)) may actually belongs to the originally
chosen ∆−(p, t). In other words, for α ∈ ∆(u ∩ p), we have
〈α, ζ〉 = 1 or − 1.
Therefore, it still makes sense to talk about the parity of this value:
(39) 〈α, ζ〉 ≡ 1 mod 2.
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Now let δ =
∑
mαα, where α runs over ∆(u ∩ p) and mα are non-negative integers. Note
that the ways of expressing δ as a non-negative integer combination of roots of ∆(u∩p) may
not be unique. However, by (39), we have that
(40) 〈δ, ζ〉 ≡
∑
mα mod 2.
Therefore, it makes sense to refer to
∑
mα mod 2 as the parity of δ. Let us denote this
by #δ mod 2. With those notations, by Theorem 5.35 of [17], the highest weight µ of any
K-type of X must bear the form
µ = λ+ 2ρ(u ∩ p) + δ
which is dominant for ∆+(k, t). We will refer to #δ mod 2 as the parity of µ.
Definition 7.4. We say that the K-type Eµ is related to the K˜-type Eν if Eν is a PRV-
component [23] of Eµ ⊗ SpinG.
The following result aims to clarify the link between the possible cancellations in DI(X)
and the parities of the spin-lowest K-types of X.
Theorem 7.5. Assume that G has finite center and that G is equal rank. Let X be a
unitary Aq(λ) module. Then HomK˜(H
+
D(X),H
−
D(X)) = 0 if and only if for each K˜-type Eν
of HD(X) (if exists), all the spin lowest K-types of X which are related to Eν have the same
parity.
Proof. It suffices to consider the case that HD(X) 6= 0. Then HomK˜(H
+
D(X),H
−
D(X)) = 0
if and only if the occurrences of Eν either all live in H
+
D(X), or all live in H
−
D(X). Here Eν
runs over all the distinct K˜-components of HD(X).
Take two arbitrary K-types Eµ1 and Eµ2 of X which are related to the K˜-type Eν . Write
(41) µi = λ+ 2ρ(u ∩ p) + δi, i = 1, 2,
where δi are non-negative integer combinations of roots in ∆(u ∩ p). Then there exist
w1, w2 ∈W (g, t)
1 such that
{µ1 − (w1ρ− ρc)} = {µ2 − (w2ρ− ρc)} = ν.
Removing the two brackets, we have
(42) µ1 − (w1ρ− ρc) + γ1 = µ2 − (w2ρ− ρc) + γ2,
where γi are non-negative integer combinations of roots in ∆
+(k, t). Substituting (41) into
(42) gives
λ+ 2ρ(u ∩ p) + δ1 − (w1ρ− ρc) + γ1 = λ+ 2ρ(u ∩ p) + δ2 − (w2ρ− ρc) + γ2,
which simplifies to
δ1 − (ρ− w1ρ) + γ1 = δ2 − (ρ− w2ρ) + γ2.
In other words,
δ1 − 〈Φw1〉+ γ1 = δ2 − 〈Φw2〉+ γ2.
Taking the inner products with ζ and passing to mod 2, we have that
(43) #δ1 + l(w1) ≡ #δ2 + l(w2) mod 2.
Now the desired conclusion follows from (43) and Lemma 7.3. 
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Example 7.6. Let us revisit Example 4.4. Adopt the setting there, and let ̟1, . . . ,̟4 be
the fundamental weights for ∆+(k, t). We use [a, b, c, d] to stand for the k-type a̟1 + b̟2 +
c̟3 + d̟4. For the Aq(λ) module, we note that
∆(u) ⊆ ∆+(k, t) ∪ w(1)∆+(p, t),
where w(1) = sα4 ∈W (g, t)
1. Then one can figure out that ∆(u∩ p) consists of the following
eight roots:
(0,−1, 1, 0), (0, 1, 1, 0), (
1
2
,
1
2
,
1
2
,−
1
2
), (
1
2
,
1
2
,
1
2
,
1
2
), (1, 0, 0,−1), (1, 0, 0, 0), (1, 0, 0, 1), (1, 0, 1, 0).
Here the first root (0,−1, 1, 0) = −α4, and it is the unique one in ∆
−(p, t).
One identifies that
λ+ 2ρ(u ∩ p) = [0, 0, 1, 3]
is the lowest K-type of the Aq(λ). As computed in Example 6.3 of [5], there is only one
K˜-type in HD(Aq(λ)), i.e., Eν with ν = [0, 0, 0, 1]. It has multiplicity two. Indeed, there are
two spin-lowest K-types of Aq(λ) in total, both of which are related to the K˜-type Eν :
µ1 := [0, 2, 0, 4] = λ+ 2ρ(u ∩ p) + (1, 0, 0, 1), µ2 := [0, 0, 3, 1] = λ+ 2ρ(u ∩ p) + 2(−α4).
Therefore, δ1 and δ2 have distinct parities. By (43), it must happen that one Eν lives in
H+D(Aq(λ)), while the other Eν lives in H
−
D(Aq(λ)). Thus they cancel in DI(Aq(λ)), which
then vanishes. Indeed, as been explicitly obtained in Example 6.3 of [5],
w1 = w
′
1 = w
(2) = s4s3, w2 = w
′
2 = w
(10) = s4s3s2s1s3s2s4.
Thus the Eν from Eµ1 ⊗ SpinG lives in H
+
D(Aq(λ)), while the Eν from Eµ2 ⊗ SpinG lives in
H−D(Aq(λ)). 
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